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Quantum Gravity, Cosmology, (Liouville) Strings
and Lorentz Invariance
Nick E. Mavromatos
King’s College London, Department of Physics, Theoretical Physics, Strand, London
WC2R 2LS, U.K.
Abstract. I review some aspects of non-critical strings in connection with Lorentz-
Invariance violating approaches to quantum gravity. I also argue how non-critical
strings may provide a unifying framework where string Cosmology and quantum gravity
may be tackled together.
1. Introduction
Recently there have been exciting developments in astrophysics and cosmology,
associated with observations of ultra high energy cosmic rays (UHECR), of energies
larger than 1020 eV [1], as well as high-redshift (z ∼ 1) supernovae observations [2]
claiming a current-era acceleration of the Universe. The latter observations,
when combined with data from measurements of the cosmic microwave background
radiation [3], which provide evidence for a spatially flat universe, with a Ωtotal = 1, seem
to indicate that up to 70 % of the total energy density of the Universe is attributed to
a dark energy component, which could be a positive cosmological constant (de Sitter
type Universe) Λ or something else. On the other hand, the presence of UHECR events
appears puzzling from the point of view of Lorentz Invariance [4, 5, 6]. The latter
symmetry would impose an energy threshold (Greitsen-Zatsepin-Kuzmin (GZK) cut-
off) [7] above which certain reactions can occur which would prevent such UHECR
events to reach the observation point, if one makes the physically plausible assumption
that such events come from extragalactic sources [1].
These data present serious puzzles and challenges for the quantum field theory as
we know it. First, if there is a non-zero cosmological constant Λ, (de Sitter phase in the
Universe), this would eventually mean that the (constant) vacuum energy will dominate
over matter in the Universe, given the a−3 relaxation of the latter with the expanding-
universe scale factor a(t). When the vacuum energy is dominant the Universe will enter
again a de Sitter inflationary phase, with exponential growth, a(t) ∼ a0e
√
Λ
8piGN
t
(GN
is the gravitational (Newton’s) constant). With such scale factors, there will be cosmic
horizons, since a light ray in a Robertson-Walker type Universe will take an infinite time
to traverse a finite distance
δ ∼
∫ ∞
t0
cdt
a(t)
< ∞ , for a(t) ∼ a0e
√
Λ
8piGN
t
(1)
The presence of horizons imply the impossibility of defining pure asymptotic states,
which are essential for the proper definition of a Heisenberg scattering S-matrix, and
thus a conventional quantum field theory in such gravitational backgrounds. This is a
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serious challenge also for string theory [8], which, by its very nature, is supposed to be
a theory of S-matrix.
Second, a relaxation of the GZK cutoff -in order to explain the UHECR events-
would, in turn, imply a relaxation of Lorentz invariance [4, 5], which is another drastic
modification of field theory. Along these lines it has also been suggested [9] that
deviation from Lorentz symmetry, in the sense of modified dispersion relations for
matter probes, can also explain the presence of TeV cosmic photon events, which again
should have been prevented from reaching the observation point within the standard
kinematics stemming from Lorentz invariance requirement during the scattering of
energetic photons with the infrared background radiation.
A question I would like to address in this talk is whether there is a unified framework
in which the above puzzles can be tackled, with the simultaneous ability to make
concrete, experimentally falsifiable, predictions. In addition, I will attempt to take one
more challenge, and tackle, within the above framework, another important issue, that
of the hierarchy between the currently claimed [2, 3] “observed value” of the “vacuum
energy”, Λ/M4P < 10
−123 in Planck MP units, and the supersymmetry breaking scale, of
a few TeV, in supersymmetric theories. For the purposes of my talk I will concentrate in
the string theory framework, and present some toy models of (non-critical) strings [10]
where the above issues can be tackled, as I will argue, in a mathematically consistent way.
The structure of the talk is the following: in section 2 I present a very brief overview of
possible violations of Lorentz Invariance, and the associated consequences, from various
theoretical viewpoints. In section 3 I discuss the issue of Lorentz Invariance in string
theory. I start from critical string theory, where Lorentz invariance is valid, and then
proceed to explain carefully how non-critical string models may lead to its violation,
in the sense of modified dispersion relations for matter probes (refractive indices etc).
In section 4 I describe briefly two concrete models with the above properties: (i) one
model for space time foam in Liouville strings, involving the interaction of string matter
with stringy space-time defects, playing the roˆle of space time “foam”, and (ii) a non-
critical stringy model of Cosmology, where the non-criticality, which is here viewed as
departure from equilibrium, is provided by an initial catastrophic event, playing the
roˆle of Big Bang. The model consists of two colliding branes. In the context of this
model I will discuss relaxation scenaria for the cosmological vacuum energy, inflation
and graceful exit from it, and how an S-matrix can be ultimately salvaged by exiting
from the current-era accelerating phase. The model involves two time-like variables, one
of which is the Liouville mode, required for consistency of the non-critical string.
2. Lorentz Symmetry Violations and Quantum Gravity: A Brief Overview
of Models and Approaches
I adopt the point of view that Lorentz symmetry is a good symmetry of any isolated
quantum field theory model on flat space time, and that its possible violations come
from either placing the system in a ‘medium’ or heat bath (finite temperature), or
coupling it to (certain models of) quantum gravity, which also behave like a stochastic
medium [10, 11].
A theory of quantum gravity must describe Physics at Planck scales, ℓp ∼ 10−35 m.
At such small length scales the structure of space time might be very different from what
we have experienced so far, e.g. the space time might be discrete, non commutative etc.
Therefore Lorentz symmetry might not be valid at such small scales, or at least its form
may be different from the familiar one characterising the relatively low energy scales
of the current experiments (for instance, the Lorentz symmetry might be non-linearly
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realized at Planckian scales).
GAP GAP
NODE
LIGHT CONE
Figure 1. A condensed matter system with nodes in its Fermi surface (or energy
gap). Linearizing the quasiparticle-excitation effective theory around the nodes one
obtains relativistic field theories in the continuum limit. The ‘induced light cone’ has
a limiting velocity which is given by the fermi velocity of the node. Such systems
provide analogues of models where Lorentz Symmetry is a good symmetry only at low
energies.
There are instructive examples from condensed matter physics, that probably help
understand physically a possible breakdown of Lorentz symmetry at higher energies.
For instance, Antiferromagnetic Spin Systems at low energies are known to be described
effectively by relativistic continuum field theories, for instance the large spin S → ∞
limit of planar antiferromagnetic lattice spin systems yields a relativistic CP 1 σ-model
with action S = ∫ d3x 1
γ0
|(∂µ − aµ)z|2, γ0 ∝ 1/S , S → ∞, z are magnons (spin degrees
of freedom), and the non-dynamical gauge field aµ takes proper account of the correct
number of physical degrees of freedom in the system. Another instructive example
is that of systems with fermionic quasiparticle excitations which have nodes in their
fermi surface (or energy gap) (c.f. figure 1). The (average) radius of the fermi surface
provides the energy reference scale above which all energies of quasiparticle excitations
are measured. Low energies in this setting are therefore viewed those near the fermi
surface. Near the node, where the gap function vanishes ∆→ 0, the dispersion relation
of the quasiparticle excitation reads: E =
√
|~k|2
2µ
+∆2 ≃ 1√
2µ
|~k|, with µ the Fermi
velocity of the node, playing here the roˆle of a limiting velocity (‘speed of light’) for the
relativistic problem at hand. Linearizing the fermionic quasiparticle spectrum about the
node one may therefore obtain a relativistic low-energy field theory in the continuum
limit consisting of Dirac fermions: SF = ∫ dDxΨ(γµ∂µ + . . .)Ψ, µ = 0, 1, 2, . . .. Such a
condensed-matter inspired approach has been adopted in the literature in an attempt
to discuss the origin of Lorentz symmetry in quantum field theory [12].
In the physics of fundamental interactions deviations from Lorentz symmetry
may become manifest in modifications of the dispersion relations of matter probes.
For massless probes such modifications imply non-trivial refractive indices due to the
modification in the group velocity of the probe. For instance, in theories with non-trivial
vacuum polarization at finite temperature, such as quantum electrodynamics etc., one
obtains non-trivial refractive indices already at one loop [13], in the sense of a modified
dispersion
∂E
∂|~p| = 1 + f(T, |~p|) , (2)
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with T the temperature, and the function f being determined from the vacuum
polarization graph.
It is this sort of modification that may be induced also by quantum gravity effects.
Indeed, one of the most fascinating ideas about quantum gravity is the suggestion made
by John Wheeler, and subsequently adopted by Stephen Hawking, that space time
at Planckian scales might acquire a foamy structure (c.f. figure 2), which may thus
behave like a stochastic ‘medium’, with non-trivial macroscopic consequences for the
propagation of matter probes in such backgrounds [10, 14, 11]. This results in modified
dispersion relation and other non-trivial “optical” properties.
Figure 2. An artist impression of space-time foam (after S. Weinberg, in Sci. Am. “A
Unified Physics by 2050?” (Dec 1999); this figure was kindly provided to the author
by Subir Sarkar).
Such modified dispersion relations are known to characterise non-critical (Liouville)
string theory models of space-time foam [10], where the departure from criticality
(conformality of the associated σ-model background) is viewed here as a consequence of
the interaction of string matter with the (quantum gravity) foam:
E2 = |~p|2 + F (E, |~p|; ℓp) , (3)
where the function F is suppressed by higher powers of the quantum-gravity scale
(Planck (or string) length MP (Ms)). Subsequently, similar phenomena have been
argued [15] to characterise the so-called loop gravity approach [16].
The latter is a background independent theory of gravity, in which the space time
is characterised by a ‘polymer-like’ discrete structure. As a result of this property, the
basic state of the theory, the “weavy state”, |w > is such that, although macroscopically
the (emergent) space time looks Minkowski, nevertheless there is non-trivial structure
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at scales smaller than the characteristic scale ℓW where quantum gravity effects set
in: < w|Gµν |w >= ηµν + O(ℓwE), where E is the energy of the probe. Such effects
lead to non-trivial dispersion relations, similar in nature to those predicted in non-
critical strings [10]. There is an important difference, though, which distinguishes
experimentally strings from these theories: in loop gravity superluminal propagation
of matter probes is allowed, implying birefringence effects. Such superluminal signals
are forbidden in the Liouville (non-critical) string approach to quantum gravity, for
specifically stringy reasons [10].
There is an important difference of the modification of the dispersion relation
induced by quantum gravity, as compared to conventional vacuum polarization
effects [13], in that the former increases with the energy of the probe, in contrast to the
conventional field theoretic effects which decrease with energy. This allows a possible
disentanglement of such effects in experiments. One of the most sensitive probes of
such non-trivial optical properties is the observation of light from Gamma Ray Bursters
(GRB) [14] or gamma ray flairs [17]. As mentioned in the introduction, such modified
dispersion relations, have been used subsequently to explain the transparency of the
Universe in ultra high energy cosmic rays [5] or TeV photon events [9]. For a recent and
comprehensive review of astrophysical tests of such quantum-gravity-induced modified
dispersion relations see [6].
Finally, modified dispersion relations for matter probes have been recently [18, 19]
argued to characterise flat space theories in certain models in which the Planck “length”
is considered a real length. As such it should be transformed under usual Lorentz boosts.
The requirement that the Planck length be, along with the speed of light, also observer
independent leads quite naturally to modified “Lorentz transformations”, and also to
modified dispersion relations for particles. This approach is termed “Doubly Special
Relativity” (DSR) [18]. The DSR approach should be distinguished from the other
approaches, mentioned so far, where the Planck length scale is associated to a ‘coupling
constant’ of the theory, and thus is observer independent by definition. This is clearly the
case of Einstein’s General Relativity, where the Planck scale is related to the universal
gravitational coupling constant (Newton’s constant), and in string theory (critical and
non-critical), where the Planck length is related to the characteristic string scale of the
theory, which is also independent of inertial observers.
There are two approaches so far in the problem of formulating DSR theories: in the
first [18] one postulates a modified dispersion E2 = |~p|2 + f1(E, |~p|; ℓ˜P ), where ℓ˜P ∝ ℓP
is the inertial-observer independent length, proportional to the conventional Planck
length ℓP ∼ 10−35 m. The approach is as yet at a phenomenological level, and hence
one can choose appropriate functions f1. Let me illustrate the main features with one
such choice: f1 = −ℓ˜−2P
(
eℓ˜PE + e−ℓ˜PE − 2
)
+ |~p2|eℓ˜PE . The generators of the deformed
Lorentz boosts (assumed, for definiteness and simplicity, to be along z direction), that
leave ℓ˜P observer independent, read [18]:
Nz = pz ∂
∂E
+

 ℓ˜P |~p|2
2
+
1− e−2ℓ˜PE
2ℓ˜P

 ∂
∂pz
− ℓ˜Ppz
(
pj
∂
∂pj
)
(4)
As mentioned previously an important consequence of the formalism is that by
construction there are modified dispersion relations:
m2 = ℓ˜−2P
(
eℓ˜PE + e−ℓ˜PE − 2
)
− |~p2|eℓ˜PE , (5)
where m is the rest mass of a matter point-like probe, defined by the appropriate
quadratic Casimir operator. Note that m is different from the rest energyM, the latter
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defined as the energy at zero momentum ~p = 0:
m = ℓ˜−1P
(
eℓ˜PM/2 − e−ℓ˜PM/2
)
(6)
In this particular choice of f1 note that the rest mass differs from the rest energy only
by terms of order ℓ˜2P and higher: m =M+O(ℓ˜2P ).
It was remarked in [18] that the modified dispersion implies a group speed of photon
vγ =
∂E
∂p
= eℓ˜PE = 1+ ℓ˜PE+ . . . which diverges as E →∞. However I note here that the
meaning of E → ∞ is not clear, especially in a theory with gravity, where in principle
one expects the whole structure of space time to be changed drastically at energies close
to Planck scale, which thus acts as an effective ultraviolet cutoff.
In the second approach [19], one combines Lorentz boosts with dilatations in order
to achieve the observer-independence of the Planck length (we assume again the boost
along z-direction for comparison with the previous approach):
N ′z =
[
pz
∂
∂E
]
+ E
∂
∂pz
− ℓ˜Ppz
(
E
∂
∂E
+ pj
∂
∂pj
)
(7)
where the first term inside square brackets denotes the boost Lz0 , and the rest the
dilatation D. The combined dilation and boost algebra closes with the three-rotations:
J i = ǫijkLjk , K
i ≡ Li0 + ℓ˜PpiD , [J i, Kj] = ǫijkKk , [Ki, Kj] = ǫijkJk .
There is a modified dispersion relation in this approach [19]:
m2 =
E2 − |~p|2
(1− ℓ˜PE)2
=
ηµνpµpν
(1− ℓ˜PE)2
. (8)
Notice that in this second approach, in contrast to that of [18], all energies are necessarily
smaller than the ‘gravity scale’, E < ℓ˜−1P , given that at such scales there appears to
be a ‘metric’ collapse in the dispersion relation. This approach is thus closer to the
conventional understanding of the Planck scale as an ultraviolet cutoff for any low-
energy theory. Another important feature is that the speed of light or, in general, of
massless particles is c(= 1), as in Special Relativity of Einstein.
Again, the rest mass m is different from the rest energyM, but here the difference
already occurs already at linear order in ℓ˜P : m =
M
1−ℓ˜PM ≃ M + ℓ˜PM
2 + . . ..It should
be noted that there are experimentally testable differences between the DSR models of
[18] and [19], e.g. in connection with kinematical conditions for particle production in
collisions [18].
It remains to be seen what consequences these modified flat space transformations
would have in a general relativistic framework. For instance, from (8) one would be
tempted to identify such effects with those in a specific curved space-time background,
which as I mentioned above, seems to collapse at Planck energies. Are, then, such
DSR models, when placed in a general relativistic context, selecting special metric
backgrounds as, for instance, is the case of the modified dispersion relations obtained
in non-critical string inspired models [10]? These and other questions, related to
a reconciliation of DSR (viewed as theories with a minimum length) with quantum
mechanics, should be pursued in future research.
At this point I end this brief overview of possible theoretical models predicting
violations or modifications of the Lorentz symmetry. In what follows I will concentrate
on specific models of such violations stemming from (non-critical (Liouville)) String
Theory [10].
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3. String Theory and Lorentz Invariance
3.1. Standard Dispersion Relations in Critical Strings
Let me start from “old” string theory [20], living in a critical dimension of target
space time. From a first quantization viewpoint the motion of strings is described
by a σ-model, a two-dimensional world-sheet field theory, in background target-space
fields. There is a basic symmetry, called conformal symmetry, which allows a consistent
path integral formulation of the σ-model, and restricts the background fields to their
target-space classical equations of motion, thereby providing an important link between
consistent world-sheet quantum geometry and target space dynamics. It is this
symmetry that implies Lorentz invariance in critical number of dimensions for flat space
times, and the standard dispersion relations of stringy excitations. Let us briefly see
how.
Consider a bosonic σ-model in flat space time, perturbed by certain tachyon
excitations (although tachyons are viewed as instabilities of bosonic strings, and are
absent in superstrings, nevertheless we consider them here for simplicity and because
they capture all the essential features we wish to discuss, which can be immediately
generalized to the superstring case):
Sσ =
∫
Σ
∂Xµ∂Xνηµν +
1
4πα′
∫
dDkT˜ (k)
∫
Σ
eikµX
µ
(9)
where kµ is a D-dimensional target space momentum, Σ denotes the world sheet, ∂, ∂
are world-sheet derivatives, and α′ = ℓ2s is the Regge slope [20], related to the square
of the characteristic length scale of the string ℓs, which is observer independent from
a target-space viewpoint. In old string theory this scale was identified with the four
dimensional Planck mass scale, although in the modern membrane (D-brane) extension
the two scales may not be the same [21],
The exponential vertex operator Vk = e
ikµXµ, which described the tachyonic
excitation of the bosonic string spectrum, with polarization “tensor” T˜ (k), is not in
general a marginal operator in a world-sheet renormalization group sense, and hence
under the two-dimensional quantum field theory corrections will break the conformal
invariance in the sense that its conformal dimension ∆ is different from one:
∆ =
α′
2
kµk
µ (10)
Insisting on conformal invariance, i.e. marginality of the operator, one obtains the
standard dispersion relation (on-shell condition) for the tachyonic excitation compatible
with Lorentz invariance in target space:
∆ = 1→ kµkµ = 2
α′
(11)
with the tachyon rest mass m2 = − 2
α′
(the negative sign indicates the abovementioned
tachyonic instability of the bosonic string, but this does not affect the arguments on
dispersion relation because the same procedure applies to all other string excitations).
The number of target-space dimensions D is also restricted by the same requirement
of conformal world-sheet invariance if one performs the path integral computation of
the trace of the world-sheet stress tensor Θ = Tαβγ
αβ in curved world sheets. Even
for a free string, then, one finds that < Θ >= (D − 26)R(2), where < . . . > denotes
a two-dimensional path integral average, R(2) is the world-sheet curvature, and the -
26 appeared due to the fact that world-sheet reprametrization invariance acts from a
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two-dimensional viewpoint as a gauge symmetry which needs fixing, thereby implying
Fadeev-Popov ghosts. Their contribution to the conformal anomaly is then given by
-26R(2). To ensure conformal invariance one must have < Θ >= 0 which select the
number of space time dimensions for the bosonic string to 26 (for the superstring this
number reduces to 10).
3.2. Non-critical (Liouville) Strings: a brief overview of the formalism
Critical string theory has proven a very successful and elegant formalism so far to
understand many questions related to the structure of space time at Planckian distances,
to count microstates in singular space times such as black holes etc. However, there are
some situations which critical strings appear inadequate to describe. These include
formation of black holes and other dynamical space-time boundaries, stochastic space-
time foam backgrounds (if one adopts the point of view that the latter exist), recoil
effects of stringy solitons, and in general situations which involve the change of a
background over which the string propagates. Critical strings, and conventional
conformal field theories, describe fixed background situations. Since, however, strings
are supposed to be a theory of space time itself, they should be able to provide in
principle an answer as to how the space time was created, and for this reason they should
exhibit background independence in some sense. This is an advantage of the loop gravity
approach [16] which start from abstract fundamental units (“spin networks”) and then
proceeds to construct a dynamical space time out of them.
One may argue that such background independence issues or background changes
in string theory can only be tackled in the context of string field theory, which is not
developed as yet to a satisfactory level of precision or computational power. One,
however, may be less ambitious and attempt to tackle such issues perturbatively at first
instance, within a first quantization σ-model approach. The key to this is probably
abandoning conformal invariance which fixes the background, and use instead non-
critical (Liouville) strings [22], which is a mathematically consistent way to deal with
σ-models away from their conformal (fixed) points on the space of string theories (c.f.
figure 3). I will argue below that such a procedure describes consistently background
changes in string theory, and implies, under certain circumstances, modified dispersion
relations stemming from spontaneous breaking of Lorentz symmetry.
To understand better non-critical strings we should first mention a few things about
theory space. This is considered as the space of all possible background target-space-time
string configurations, which is therefore an infinite dimensional manifold. The manifold
is endowed with a metric, which is nothing other than the Zamolodchikov metric of a
conformal field theory [23] given by the appropriate two point function of the vertex
operators describing the non-conformal deformations: Gij = |zz¯|2 < Vi(z, z¯)Vj(0, 0) >,
where the vertex operators are deforming the σ-model as:
Sσ = S
∗ +
∫
Σ
giVi (12)
Here S∗ is a fixed-point σ-model background action, and gi are the non-conformal
backgrounds/couplings corresponding to the vertex operators Vi. In stringy models
of interest to us here gi = {Gµν ,Φ, Aµ . . .} i.e. is a set of target-space fields.
The non-criticality of the deformation is expressed by the non-triviality of the
renormalization-group (RG) β-function of gi on the world-sheet: βi = dgi/dlnµ 6= 0,
where µ is a world-sheet scale provided by the world-sheet area [10]. Perturbation theory
requires that one lies close to fixed point, which implies that one should work with βi
expandable in power series in the couplings gi. Quadratic order is sufficient for our
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Figure 3. A schematic view of string theory space (which is an infinite dimensional
manifold endowed with a (Zamolodchikov) metric). The dots denote conformal string
backgrounds. A non-conformal string flows (in a tow-dimensional renormalization-
group sense) from one fixed point to another (fixed points could even be hypersurfaces
in theory space). If the string is a unitary field theory on the world sheet the direction
of the flow is towards the fixed point with a lesser value of the central charge.
purposes here, and to this order the β-function read: βi = yig
i+ cijkg
jgk+ . . ., where no
sum is implied in the first term, yi is the anomalous dimension, and c
i
jk are the operator
product expansion (OPE) coefficients.
An important property of the off-shell βi functions of stringy σ-models is their
gradient flow form [23, 10] i.e. the fact that they can be derived as gi-space gradients
of a flow function C[g, t]. This function is a renormalization-group invariant function
and coincides with the running central charge of the theory between fixed points. One
has the following relations for its flow along a renormalization-group trajectory, the
celebrated Zamolodchikov c-theorem [23]:
∂C[g, t]
∂t
= − 1
12
βiGijβj , βi = Gij ∂C[g, t]
∂gj
(13)
In unitary σ-model the metric Gij is positive definite and hence the flow is such that
the C[g, t] acts like a thermodynamic H function, decreasing monotonically along the
direction of the flow. At fixed points βi = Gij ∂C[g,t]
∂gj
= 0 and taking into account the
positive-definiteness of the Zamolodchikov metric one then obtains that the conformal
invariance conditions are equivalent to target-space equations of motion for the flow
function C[g, t]. The latter, thus, plays the roˆle of a low-energy effective action for
the string theory at hand, which notably includes gravitational interactions. At fixed
points the flow function becomes the central charge characterising the two-dimensional
conformal field theory. In critical string theories with target space-time interpretation
the flow function becomes 26 for bosonic strings (or 10 in superstrings).
For non-unitary σ-models, such as stringy σ-models with time-like X0 fields, and
time-like dilaton couplings, the flow may not be monotonic all the way, but one may
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still expect [24] an overall decrease of the running central charge from one fixed point
to the other. This is due to the information “loss” beyond the ultraviolet cutoff of the
underlying world-sheet quantum field theory. In fact the central charge counts degrees
of freedom of the system, and hence there must be an inherent irreversibility if there is a
cutoff scale. In non-critical strings with time-like fields, the running central charge does
make oscillations before settling to a fixed point [25, 10]. This will become important
later on (section 4) when we discuss cosmology in this context.
Let me now argue how non-critical strings become consistent world-sheet (two-
dimensional) field theories upon Liouville dressing [22]. The Liouville mode ϕ seizes
to decouple in a non-critical string which is characterized by a (RG running) central
charge deficit Q2 ≡ 1
3
(C[g, t]− c∗) caused by departure from criticality due to a given
deformation (for strings with a target-space interpretation c∗ = 25 (9 for superstrings)).
A detailed analysis [22, 10, 25] shows that the Liouville dressed theory is described
by a σ-model action:
Sϕ = Q
2
∫
Σ
∂ϕ∂ϕ+
∫
Σ
Q2R(2) +
∫
Σ
λi(ϕ)Vi ,
λi(ϕ) = gieαiQϕ +
π
Q+ 2αi
cijkg
jgkQϕeαiQϕ ,
αi (αi +Q) = −(∆i − 2) , no sum over i (14)
where λi(ϕ) are the Liouville dressed couplings and the gravitational anomalous
dimension αi is chosen in such a way so that the conformal dimension of the dressed
deformation operator λ(ϕ)Vi becomes one (marginal). Note that this marginality is
exact, including interactions (cijk etc in the β-function) and this constitutes the main
roˆle of the Liouville dressing, the restoration of conformal symmetry, in such a way
that the non-critical, RG flowing σ-model, becomes conformal at the expense of the
introduction of the Liouville mode ϕ in the path integral.
From the quadratic equation that the gravitational anomalous dimensions satisfy
(14) it becomes evident that there are in general two solutions:
α±i = −
Q
2
±
√
Q2
4
+ sgn(Q2 − 25)(∆i − 2) (15)
Usually in Liouville theory (central charge c < 1) one keeps only the + solution, given
that α− corresponds to states that “do not exist” in the sense of not having a well-
defined (bounded, normalizable) behaviour in the semiclassical limit where the central
charge |c| → +∞. However in supercritical string theory (central charge c > 25) this
is not the case and one may, and in some circumstances does, keep both dressings. We
shall encounter a situation like this in section 4, when we discuss specific examples of
Liouville strings.
Upon redefining the Liouville mode
φ ≡ Qϕ (16)
one may arrive at Liouville-generalized conformal invariance conditions [22]:
λ¨i +Q(t)λ˙i = −sgn(C[g, t]− 25)βi(λi(φ)) (17)
where the overdot denotes differentiation with respect to the normalized Liouville mode
φ (16).
From (14) it is obvious that the Liouville mode plays the roˆle of an extra target-
space dimension, which is time-like if the string is supercritical [26] Q2 > 0 and spacelike
is the string is subcritical. It is a general property of Liouville strings that during their
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flows they remain either subcritical or supercritical [10, 25]. In what follows we shall
concentrate on deformations that induce supercriticality of the string, in which case the
Liouville mode may be identified with the target time [10]. In fact, what one identifies
with the target time is the world-sheet zero mode of the normalized field
φ ≡ Qϕ→ t = target time (18)
In what follows I shall describe the most important physical consequences of such an
identification.
3.3. Absence of S-matrix and Non-Equilibrium Dynamics in non-critical Strings with
Time as the Liouville mode
From (17) it becomes clear that the restoration of conformal symmetry leads to
dynamical equations for the background fields of the non-critical σ-model that have
a “frictional” form, the damping being provided by the (square root of the) central
charge deficit Q2. Although the sign of Q2 is fixed, however the sign of its square root Q
is not determined in Liouville strings, and as we shall see in section 4, one may encounter
situations [27, 28] in which Q(t) evolves in such a way so as to change sign (in such a
case the string passes through a metastable critical point in theory space).
From (14) it also becomes clear that after the identification (18) there will be
a dilaton coupling in target space (defined as the background coupling of the world-
sheet curvature term in the σ model action) Φ ∼ Q(t)t which will contain linear
dependences on target time for Q constant, but in general will be a complicated
function of time. String theories in such time-like supercritical backgrounds can be
formulated as consistent conformal field theories only for some special cases of constant
Q (linear dilatons) [26] but the corresponding S-matrix aspects are problematic. One
can define factorisable and modular invariant amplitudes (S-matrix) in such a case only
for certain discrete constant values of Q, as required for consistency of the mapping of
the corresponding conformal theory to a Coulomb gas representation with appropriate
screening charges at infinity [26].
Nevertheless it is possible to consider more general situations, with continuously
varying Q, provided that one abandons the concept of a factorisable scattering
amplitude [10]. To understand this latter point let us consider a generic correlation
function among n vertex operators Vi of a Liouville string:
An = 〈Vi1 . . . Vin〉g =∫
DφDXe−S∗−
∫
Σ
d2σλi(φ)Vi+∂φ∂φ−Q
∫
Σ
d2σφR(2)Vi1 . . . Vin (19)
where φ is the normalized Liouville mode (16), and Q2 denotes the central charge deficit,
quantifying the departure of the non-conformal theory from criticality [22].
A detailed analysis [10] shows that, upon performing the world-sheet zero-mode φ0
integration of the Liouville mode φ in (19), one obtains that the dominant contributions
to the path integral are proportional to
An ∝ Γ(−s)〈. . .〉′ (20)
where the prime in 〈. . .〉′ indicates the absence of world-sheet zero mode φ0 ∼ lnA of
the Liouville field φ, with A the world-sheet area (in units of the ultraviolet cutoff of
the σ-model), s =
∑
i
αi
α
+ Q
α
and αi are the Liouville anomalous dimensions (14), and
α is the anomalous dimension of the so-called identity operator α = −Q
2
+
√
Q2
4
+ 8.
In order to compute the integral for arbitrary s (and hence Q) it is necessary to
make an analytic continuation to positive integer s = n+ ∈ Z+ which immediately calls
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Figure 4. Contour of integration for a proper definition of Liouville field path
integration. The quantity A denotes the (complex) world-sheet area, which is identified
with the logarithm of the Liouville (world-sheet) zero mode. This is known in the
literature as the Saalschutz contour, and has been used in conventional quantum
field theory to relate dimensional regularization to the Bogoliubov-Parasiuk-Hepp-
Zimmermann renormalization method. Upon the interpretation of the Liouville field
as target time, this curve resembles closed-time-paths in non-equilibrium field theories.
for regularization of the prefactors Γ(−s). This can be achieved [10, 32] by representing
the integral over the Liouville zero mode by a steepest-descent contour of φ0 as indicated
in fig. 4. The interpretation of the Liouville zero mode as the target time [10] implies
a direct analogy of this contour with closed time like paths in non-equilibrium field
theories [29].
It can be seen [10] that the world-sheet ultraviolet limit of the contour A → 0+
is ill defined and a regularization is needed (dashed line in the contour of fig. 4).
This can be inferred by considering infinitesimal Weyl shifts of the world-sheet metric
(which is integrated over) in the correlator (19). Such a divergent behaviour implies
that the generic Liouville correlator (19) is not an S-matrix amplitude, as conventionally
assumed in critical strings, but rather a $ matrix element connecting asymptotic density
matrices [30] ρout = $ ρin with $ 6= SS† as a result of the world-sheet ultraviolet
divergences. From a target space time view point small world-sheet areas may be seen
as an infrared limit of a target space theory, where the strings shrink to their point-like
limits. Thus, in this picture, the infrared divergences in target space are held responsible
for the failure of factorisability of the Liouville string $ matrix.
It is this feature that, together with the irreversibility of the world-sheet
renormalization group flow function, expressed by the c-theorem (13), makes manifest
the non equilibrium nature of non-critical string theory. There is thus a direct analogy
of Liouville strings with open systems in which there is an entropy change (here the
entropy is associated with the flow function C[g, t] [10]). Further support of the non-
equilibrium nature comes from the modification of the evolution equation of the density
matrix of string matter moving in non-critical string backgrounds. Renormalization-
group considerations on the σ-model theory, and in particular renormalization-group
invariance of physical target space quantities, imply the following RG flow equation for
the density matrix of low-energy string matter ρ [10, 32]:
∂ρ
∂t
= i[ρ,H ]+ : βiGij [gj, ρ] : (21)
where the quantization is achieved in this framework by summing up world-sheet
topologies. In fact it can be shown that canonical quantization in the case of Liouville
strings is possible, given that the generalized conformal invariance conditions (17) satisfy
the Helmholtz conditions for being derived from an off-shell Lagrangian in gi space [10].
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Note the similarity of (21) with the evolution of open dynamical systems. Thus we
see that the non-criticality of the string, expressed by the non-vanishing of the world-
sheet RG β-functions, leads to the existence of “environment” for the subsystem of
the low-energy string matter. In fact an important comment is in order here: there
are quantum ordering ambiguities of the last term due to the fact that βiGij are
complicated power series in the operators gi which do not commute with ρ. One might
have thought that these ambiguities may be resolved by postulating an ordering that
respects formally the Lindblad form of the interaction of the string matter with its
non-critical string environment. However, things may not be that simple. It must be
noted that there is a hidden non-linearity in the evolution equation (21) due to the
string wavefunction dependence of the Zamolodchikov metric Gij ∼< ViVj >. When
one writes the perturbative expansion βiGij = ∑in cji1...ingi1 . . . gin this dependence is
hidden in the coefficients ci1...in ∼< Vi1 . . . Vin >∗ where < . . . >∗ denote free Liouville
string correlators. Such non-linearities may imply significant deviations from standard
linear Lindblad environmental entanglement [33]. The situation should be examined
case by case unfortunately, as it seems that general statements on this issue cannot be
made at this stage.
3.4. Modified Dispersion Relation in Liouville Strings and Lorentz Invariance Violation
To study the induced modifications on the dispersion relations of string excitations in
the case of non critical deformations we concentrate on the generic Liouville dressing
(14). Upon the identification of the Liouville mode with time (18) we may rewrite this
relation as:
λi(φ) = λi(t)ei(αi+∆αi)t (22)
where ∆αi depends on the OPE coefficients c
i
jk which encode the non-critical interactions
of the string probe with the “environment”. In string theory the OPE, which are
related to string target-space scattering amplitudes, are power series in α′|~k|2 for closed
strings, and
√
α|~k| for open strings. Let us concentrate in the case of closed strings
for definiteness, and also for physical concreteness, given that closed strings include
gravity. We restrict ourselves to massless modes for our purposes below. To order
g2 (i.e. close to a fixed point), where we restrict ourselves for our purposes in this
article, the OPE are assumed of order α′|~k|2. On the other hand, for vertex operators
proportional to eikµX
µ
(in Fourier space), describing the string excitation spectrum in
flat space times, the anomalous dimensions αi ∼ |~k|2. This can be found from (15) by
noting that the central charge deficit Q2 is determined from the c-flow theorem (13)
Q2(t) ∼ ∫ t βiGijβj = O(|~k|4), since βi = O(|~k|) for reasons stated previously.
Thus, for massless closed string excitations one has the estimate:
αk +∆αk ∼ ℓs|~k|
(
1 +O(|~k|2ℓ2s)
)1/2
= ℓs|~k|+O(ℓ3s|~k|3) (23)
The complete Liouville-dressed vertex operator, therefore, describing the massless string
excitation reads:
λk(t)Vk ∼ gkei(αk+∆αk)tei~k· ~X ∼ ei(|~k|+O(ℓ2s |~k|2))t+i~k· ~X (24)
The coefficient of the Liouville mode (time) is defined as the energy of the probe,
and hence from (24) one obtains a modified dispersion relation for massless string
excitations [10]:
E ∼ |~k|+ ηℓs|~k|2 (25)
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where the coefficient η and its sign is to be determined in specific models of non-critical
strings, and the string scale ℓs =
√
α′ may be taken to be the Planck scale M−1P of
quantum gravity (but, we repeat again, in modern versions of string theory where our
world is viewed as a string membrane [21] ℓs is an arbitrary free parameter, which is in
general different from the four-dimensional Planck scale M−1P ).
From the modified dispersion one obtains a refractive index for the massless probe
in the sense of its group velocity not being equal to one:
∂E
∂|~k| = 1 + 2ηℓs|
~k|+ . . . (26)
which implies violation of Lorentz invariance. The latter should not come as a surprise
given the non-equilibrium stochastic nature of the non-critical string (c.f. (21)) which
resembles an open system in which string matter propagates in a ‘stochastic’ dissipative
way (c.f. (17)).
However, in our approach [10] the Lorentz violation is spontaneous in the sense
that the full string theory may be critical, and the non-criticality is only a result of
restricting oneself in an effective low-energy theory (“ground state” not respecting the
symmetry). In this last sense the presence of the Liouville mode is a collective description
of “environmental” effects associated with degrees of freedom essentially unobserved by
a local observer [10].
The precise nature of such degrees of freedom can be unveiled in realistic concrete
examples of non-critical strings with physical significance. We examine two such
examples in the next section.
4. Concrete Physical Examples of Liouville Strings
4.1. A Liouville string model for Space Time foam
We describe below a toy model for stringy space-time foam [10], consisting of a bulk space
time “punctured” with D(irichlet)-0-brane point-like defects. The latter are solitonic
states in string theory [21], and as such they are not simply structureless point-like
objects, but have substructure in the sense of an infinity of internal degrees of freedom
corresponding to the massive string states. Once a closed string, representing light
string matter in the model, is scattered off the defects, the latter recoil and distort the
surrounding space time. The distortion is expressed through the dynamical formation
of (unstable) horizons, the interior of which is found to have a different refractive index
from the exterior flat Minkowski space time. The situation is schematically depicted in
figure 5.
The mathematical formalism is based on a conformal field theory treatment of recoil
in D-brane theory [34] which allows for changes of σ-model backgrounds. This can be
achieved by the so-called logarithmic conformal field theories (LCFT), which lie on the
border line between conventional conformal field theories and general two-dimensional
field theories, and can still be classified by conformal data. Below we review briefly the
main results.
A D-particle, recoiling with velocity vi, and initially positioned at yi, can be viewed
as a D-particle with open string excitations attached to it (c.f. middle figure 5), which
from a σ-model point of view are described by adding to the free string σ-model the
following boundary (world-sheet disk) deformations
Vrec,rest =
∫
∂Σ
(
ǫ2yiθǫ(X
0)∂nX
i + ǫviX
0θǫ(X
0)∂nX
i
)
(27)
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Figure 5. A schematic representation of D-particle foam; closed strings scatter off D0
brane defects in space time. The scattering distorts the surrounding space time, causing
the formation of unstable horizons with non-trivial refractive index in their interior.
These structures capture part of the propagating string matter, thereby leading to
stochastic medium behaviour, and hence a space-time foam situation.
where ∂n is a normal world-sheet boundary derivative, and we assumed that the D-
particle was initially at rest. These operators form a LCFT pair of operators [34]. In the
above formula θǫ(X
0) ∼ θ(X0)e−ǫX0 for X0 > 0 is a regularized Heaviside operator, with
θ(X0) the ordinary Heaviside function. The coordinate X0 obey Neumann boundary
conditions on the world-sheet boundary ∂Σ, whilst X i, i spatial index, obey Dirichlet
boundary conditions, and express the fact that the D-particle defect can trap strings
with their ends attached on it (c.f. figure 5). In the limit ǫ → 0+ which we consider
here the first term in (27) is subleading and from now on we ignore it.
We next extend the discussion to motion of string matter through a gas of moving
D-particles [35], as is likely to be the case for a laboratory on Earth, e.g., if the D-particle
foam is comoving with the Cosmic Microwave Background (CMB) frame. Assuming this
to be moving with three-velocity ~w relative to the observer, the recoil deformation takes
the following form to leading order in ǫ→ 0+:
V ′rec =
∫
∂Σ
θǫ(−X0w)γwwi∂nX iw +
∫
∂Σ
θǫ(X
0
w)γw(w
i + ǫvi(w))∂nX
i
w (28)
where the suffix w denotes quantities in the boosted frame. The recoil velocity vi(w)
depends in general on w, and is determined by momentum conservation during the
scattering process, as discussed in [34]. The main novelty in the w 6= 0 case is that now
there are two σ-model operators in (28).
The deformations (27) and (28) are relevant world-sheet deformations in a two-
dimensional renormalization-group sense, with anomalous scaling dimensions −ǫ2/2 [34].
Their presence drives the stringy σ-model non-critical, and requires dressing with the
Liouville mode φ. As mentioned previously, in section 3, in Liouville strings there are two
screening operators eα±φ, where the α± are the Liouville-string anomalous dimensions
given by:
α± = −Q
2
±
√
Q2
2
+
ǫ2
2
(29)
and the central charge deficit Q was computed in [10] with the help of the c-theorem
(13), and found to be of higher order than ǫ2. Hence α± ∼ ±ǫ.
The α− screening operator is sometimes neglected because it corresponds to states
that do not exist in Liouville theory. However, this is not the case in string theory,
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where one should keep both screenings as above. This is essential for recovering the
correct vanishing-recoil limit in the case of infinite D-particle mass. The Liouville-
dressed boosted deformation then reads:
V ′Lrec =
∫
∂Σ
eα−φθǫ(−X0w)γwwi∂nX iw +∫
∂Σ
eα+φθǫ(X
0
w)γw(w
i + ǫvi(w))∂nX
i
w (30)
Using Stokes’ theorem, and ignoring terms that vanish using the world-sheet equations
of motion, one arrives easily at the following bulk world-sheet operator:
V ′Lrec =
∫
Σ
eǫφθǫ(X
0
w)ǫ
2γwv
i(w)∂aX
i
w∂
aφ+ . . . , a = 1, 2, (31)
where the . . . denote terms subleading as ǫ → 0+ as we shall explain below. Notice
the cancellation of the terms proportional to w due to the opposite screening dressings.
Recalling that the regularised Heaviside operator θǫ(X) = θ0(X)e
−ǫX , where θ0(X) is the
standard Heaviside function, we observe that one can identify the boosted time coordinate
X0w with the Liouville mode φ: φ = X
0
w [10]. At long times after the scattering, the
Liouville-dressed theory leads to target-space metric deformations of the following form
to order ǫ2:
Gφi = ǫ
2γwv
i(w)φ (32)
As explained in detail in [34, 10], at the long times after the scattering event when the
σ-model formalism is valid, one has ǫ2φ0 ∼ 1: ǫ and the world-sheet zero mode of φ, φ0,
are not independent variables, as ǫ is linked with the world-sheet renormalization-group
scale.
The Lorentz breaking effects are proportional to vi(w), which is determined
by momentum conservation and hence is independent of w in the non-relativistic
limit. In the case of photon scattering off D-particles, one would have vi(w) =√
(1 + |w|)/(1− |w|)vi(0). Our form of Lorentz violation exhibits Galilean invariance for
small w. This is an important feature which differentiates our Liouville foam model from
generic Lorentz-violating models of space time foam considered in the literature [36].
For our purposes, the main effect of our D-particle model for space-time foam is the
modification of the dispersion relation for an energetic particle, which causes it to
propagate more slowly than a less energetic particle.
The formation of horizons, mentioned earlier, and depicted in figure 5, is
obtained upon considering quantum fluctuation effects, which express the probability
of finding a particular defect configuration as a fluctuation around a mean value.
Formally, one can evaluate quantum fluctuations in the recoil process by making
an appropriate resummation over the world-sheet genera, which lead to stochastic
probability distribution functions in the σ-model path integral [34]. Performing
appropriate coordinate transformations, which from a σ-model view point amount to
redefining path integral variables, and averaging over quantum fluctuations one can map
the metric (32) in the limit w = 0 into one which has an expanding horizon surrounding
the defect at: r2horizon = t
2/b′(E)2, with b′(E)2 = 4g2s
(
1− 255
18
g2s
Ekin
MD
)
+O(g6s), Ekin(≡ E)
is the kinetic recoil energy of the non-relativistic D-particle, gs < 1 is the string coupling,
assumed weak for the validity of the σ-model perturbative expansion, and MD = Ms/gs
is the D-brane mass scale with Ms the string scale. Often one assumes Ms close to
the four dimensional Planck mass of MP ∼ 1019 GeV, although in general Ms, gs are
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parameters which can be constrained by data [14]. Inside the horizon, the space-time
metric has the form:
ds2inside =
b′(E)2r2
t2
dt2 −
3∑
i=1
dx2i : r
2 =
3∑
i=1
x2i , (33)
and one can match this space-time with a flat external Minkowski space-time, as
explained in detail in [10]. The internal ‘bubble’ metric configuration (33) violates
the positive energy conditions and hence is unstable. Thus a ‘breathing bubble’ picture
emerges from such a world-sheet path integration of the Liouville zero mode [10], in
which the average lifetime of the bubble is Planckian, during which the bubble expands
to its maximum size, which is of order the Planck length, and then recontracts.
We have identified three possible experimental implications of the formation of such
quantum space-time bubbles. First, low-energy particles may get trapped inside the
bubble, and their absorption within the space-time foam provides an explicit mechanism
for the apparent loss of information accessible to external observers. Secondly, in the
case of electrically-charged particles, their non-uniform (spiral) motion inside the bubble
causes the emission of radiation, which may escape in the form of photons. Since the
bubble interior has a non-trivial refractive index [10], these particles exhibit transition
radiation, i.e., the emission of photons accompanying an electrically-charged particle
when it crosses an interface separating two media with different refractive indices. A
fraction of this radiation escapes from the bubble, yielding photons that accompany the
charged particle. Thirdly, propagation inside the bubble causes the particle to travel
more slowly, as seen by an external observer. This effect is equivalent to the retardation
induced by the modification (32) of the space-time metric, as the D-brane defect recoils
when struck by the propagating particle.
The refractive index in this D-brane foam can be computed as [10]
v = 1−O(gsE
Ms
) (34)
where E is the kinetic energy transfer of the matter probe during the collision with the
D-particle defect. The index (34) is always subluminal, thereby differentiating the model
from certain models of loop gravity where superluminal propagation also occurs [15].
The subluminal nature is due to specific stringy properties of the model, in particular it
stems from the fact that the effective action describing the recoil excitations is of Born-
Infeld form of non-linear “electrodynamics” [34], and hence there is a limiting (light)
velocity for signal propagation.
For astrophysical and other tests of these string-inspired dispersion relation see [6].
We should mention, though, that the non-critical string model of space time foam of
[10], despite its minimal Planck-scale suppression of the effects, seems to avoid severe
constraints, especially from atomic physics experiments [36, 35], which seem to exclude
the loop-gravity minimal suppression models. Thus, for this model of foam, GRB arrival-
time tests [14] seem, as yet, to provide the most sensitive probes.
4.2. A Liouville String approach to Colliding Branes Cosmology: Inflation, and
Supersymmetry-Breaking/Vacuum-Energy Hierarchy
As mentioned in the introduction, there has been recent exciting evidence from
astrophysical observations on high redshift type I Supernovae [2] that our Universe
is currently accelerating. The evidence has been seconded by cosmic microwave
background data [3] pointing towards total flatness of our Universe Ωtotal = 1, a result
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which, when combined with the estimate for the total matter contribution (including
dark matter) ΩM ∼ 0.3, implies that there is a dark energy component in our Universe
which is 70 % of the total energy density. This is in agreement with the Supernovae
data implying acceleration of the Universe, and implies that the Universe is currently
in a phase where this dark energy component begins to take over. These data are in
agreement with naive cosmological constant in the Universe (de Sitter), but this issue
present an enormous theoretical challenge, due to the cosmic horizon problem (1) and
its incompatibility with the definition of a scattering matrix [8], and hence string theory.
As we have seen in section 3, Liouville non-equilibrium strings, are not characterised
by a proper S-matrix, nevertheless they could be quantized consistently on the world-
sheet. It is therefore legitimate to argue [38] that, if our Universe has a cosmological
constant, then the only way to quantize it within string theory is to postulate some
sort of Liouville string cosmology. One, however, may actually attempt to go one
step further and try to find cosmological non-critical string models which eventually
asymptote (in time) to equilibrium (critical string) cosmologies. In such models, which
resemble quintessence models [37] in conventional cosmology, there is an initial cause
for departure from criticality (conformality of the respective σ-model, i.e. the presence
of a central-charge deficit Q2 > 0), which imply that the Universe undergoes a non-
equilibrium, and then a relaxation phase, which lasts until today. Eventually the central
charge deficit vanishes, and the string theory reaches its critical equilibrium situation.
This allows an appropriate definition of asymptotic states and an S-matrix, since in
such models one eventually exits from the de Sitter accelerating phase.
In what follows I will give a concrete example of such a non-equilibrium cosmology.
The model involves two colliding branes worlds, one of which is assumed to be our
world. We shall be very brief in our exposition. For details we refer the reader to
[28] where the model is described in some detail. I will argue below that the model
produces inflation and a relaxing to zero cosmological “constant” hierarchically small
as compared to the supersymmetry breaking (TeV) scale. Supersymmetry breaking
is induced by compactification of the brane worlds on magnetized tori. The crucial
ingredient is the non-criticality (non conformality) of string theory on the observable
brane world induced at the collision, which is thus viewed as a cause for departure from
equilibrium in this system. The hierarchical smallness of the present-era vacuum energy,
as compared to the SUSY breaking scale, is attributed to relaxation phenomena.
The model consists of two five-branes of type IIB string theory, embedded in a ten
dimensional bulk space time. Two of the longitudinal brane dimensions are assumed
compactified on a small torus, of radius R. In one of the branes, from now on called
hidden, the torus is magnetized with a constant magnetic field of intensity H. This
amounts to an effective four-dimensional vacuum energy contribution in that brane
of order: R2H2 > 0. Notice that such compactifications provide alternative ways of
breaking supersymmetry [39], which we shall make use of in the current article. In
scenaria with two branes embedded in higher-dimensional bulk space times it is natural
to assume (from the point of view of solutions to bulk field equations) that the two
branes have opposite tensions. We assume that before the collision the visible brane
(our world) has positive tension Vvis = −Vhidd > 0. The presence of opposite tension
branes implies that the system is not stable, but this is O.K. from a cosmological view
point.
For our purposes we assume that the two branes are originally on collision course
in the bulk, with a relative velocity u≪ 1 for the validity of the σ-model perturbation
theory, and to allow for the model to have predictive power. The collision takes place
at a given time moment. This constitutes an event, which in our scenario is identified
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with the initial cosmological singularity (big bang) on the observable world. We note
that similar scenaria exist in the so-called ekpyrotic model for the Universe [40]. It must
be stressed, though, that the similarity pertains only to the brane-collision event. In
our approach the physics is entirely different from the ekpyrotic scenario. The collision
is viewed as an event resulting in non-criticality (departure from conformal invariance)
of the underlying string theory, and hence in non-vanishing β functions at a σ-model
level. On the contrary, in the scenario of [40] the underlying four-dimensional effective
theory (obtained after integration of the bulk extra dimensions [40, 41]) is assumed
always critical, satisfying classical equations of motion, and hence vanishing σ-model
β functions. This latter property leads only to contracting and not expanding four-
dimensional Universes according to the work of [41], which constitutes one of the main
criticisms of the ekpyrotic universe. On the other hand, in our non-critical description
of the collision we do not assume classical solutions of the equations of motion, neither
specific potentials associated with bulk branes, as in [40].
The physics of our colliding worlds model can be summarized as follows: During
the collision one assumes electric current transfer from the hidden to the visible brane,
which results in the appearance of a magnetic field on the visible brane. We also assume
that the entire effect is happening very slowly and amounts to a slow flow of energy and
current density from the hidden to the visible brane (our world). In turn, this results in
a positive energy component of order H2R2 in the vacuum energy of the visible brane
world.
At the moment of the collision the conformal invariance of the σ-model describing
(stringy) excitations on the observable brane world is spoiled, thereby implying the need
for Liouville dressing [22, 10]. This procedure restores conformal invariance at the cost
of introducing an extra target space coordinate (the Liouville mode φ), which in our
model has time-like signature. Hence, initially, one faces a two-times situation. We
argued [28], though, that our observable (cosmological) time X0 parametrizes a certain
curve, φ = const. X0 + const.
′, on the two-times plane (X0, φ), and hence one is left
with one physical time.
The appearance of the magnetic field on the visible brane, on the dimensions
X4,5, is described (for times long after the collision) within a σ-model superstring
formalism by the boundary deformation: VH = ∫∂ΣA5∂τX5 + supersymm. partners,
where A5 = e
εX0HX4, and ∂τ denotes tangential σ-model derivative on the world-sheet
boundary. This σ-model deformation describes open-string excitations attached to the
brane world (c.f. fig. 6). The presence of the quantity ε → 0+ reflects the adiabatic
switching on of the magnetic field after the collision. It should be remarked that in
our approach the quantity ε is viewed as a world-sheet renormalization-group scale
parameter [28]. In addition to the magnetic field deformation, the σ-model contains also
boundary deformations describing the ‘recoil’ of the visible world due to the collision:
Vrec = ∫∂Σ Y6(X0)∂nX6 + supersymm. partners, where Y6(X0) = uX0eεX0 , ∂n denotes
normal σ-model derivative on the world-sheet boundary, and u is the recoil velocity of
the visible brane world.
The presence of the exponential factors eεX
0
in both the magnetic field and recoil
deformations implies a small but negative world-sheet anomalous dimension −ε2
2
< 0,
and hence the relevance of both operators from a renormalization-group point of view.
The induced central-charge deficit Q2, which quantifies the departure from the conformal
point of the pertinent σ-model, can be computed by virtue of the Zamolodchikov’s c-
theorem [28]: d
dT Q
2 ∼ −H2+u2T 2 → Q2(T ) = Q20 + H
2+u2
T , T = ln|L/a|2 , with
L(a) the world-sheet infrared (ultraviolet) cutoff scale. As discussed in detail in [28],
the correct scaling behaviour of the operators necessitates the identification T ∼ ε−2
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Figure 6. A scenario involving two colliding type-II 5-branes which provides inflation
and a relaxation model for cosmological vacuum energy.
which we assume from now on. The quantity Q20 = Q
2(∞) is the equilibrium vacuum
energy density, which we take to be zero Q20 = 0 due to an assumed cancellation between
Anti-de-Sitter bulk and brane vacuum energies after the collision. We shall come back
to this point later on.
The non-conformal deformed σ-model can become conformal by Liouville
dressing [22, 28], as discussed in section 3: A5(X0, X4, φ) = HX
4eεX
0+αφ, Y6(X0, φ) =
uX0eεX
0+αφ, where α ∼ ε are the Liouville anomalous dimensions [22] and φ is the
normalized Liouville mode, whose zero-mode is related to the renormalization-group
scale T as: φ = Q(T )T . From the work of [39] it becomes clear that the coupling
constant H is associated with supersymmetry-breaking mass splittings. This has to do
with the different way fermions and bosons couple to an external magnetic field. The
mass splittings squared of an open string are in our case [28]:
∆m2string ∼ Heαφ+εX
0
Σ45 (35)
The so-obtained mass splittings are constant upon the requirement that the flow of time
X0 and of Liouville mode φ are correlated in such a way that
εX0 + εφ/
√
2 = constant , (36)
or at most slowly varying. Notice that deviations from the condition (36) would result
in very large negative-mass squares, which are clearly unstable configurations. Hence,
the identification (36) seems to provide a resolution of this problem. To ensure the
phenomenologically reasonable order of magnitude of a TeV scale, one must assume
very small [39] H ∼ 10−30 ≪ 1 in Planck units. Note also that parametrizing the
condition (36) as X0 = t, φ0 =
√
2t, and taking into account that, for convergence
of σ-model path integration, it is formally necessary to work with Euclidean signature
X0 [34], the induced metric on the hypersurface (36) in the extended space time acquires
a Minkowskian-signature Robertson-Walker form: ds2hypersurf = −(dφ0)2+(dX0)2+ . . . =
−(dt)2+. . . . where . . . denote spatial parts. In [28], where we refer the interested reader,
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we have given some arguments on a a dynamical stability of the condition (36) in the
context of Liouville strings. Physically, one may interpret this result as implying that a
time-varying magnetic field induced by the collision implies back reaction of strings onto
the space time in such a way that the mass splittings of the string excitation spectrum,
as a result of the field, are actually stabilized.
We now notice that in our case the dilaton field is Φ = Qφ = Q2ϕ ∼ (H2+u2), that
is, one faces a situation with an asymptotically constant dilaton. This is a welcome fact,
because otherwise, the space-time would not be asymptotically flat, and one could face
trouble in appropriately defining masses. In the case of a constant dilaton the vacuum
energy is determined by the central-charge charge deficit Q2, which in our case is:
Λ =
R2n
φ20
(H2 + u2)2 (37)
where φ0 = t is the world-sheet zero mode of the Liouville field to be identified with the
target time on the hypersurface (36) of the extended space-time resulting after Liouville
dressing.
We next remark that the restoration of the conformal invariance by the Liouville
mode results in the following equations (c.f. (17)) for the σ-model background
fields/couplings gi near a fixed-point of the world-sheet renormalization group (large-
times cosmology) we restrict ourselves here [22]:
(gi)′′ +Q(gi)′ = −βi(g) , (38)
where the prime denotes derivative with respect to the Liouville zero mode φ0, and the
sign on the right-hand-side is appropriate for supercritical strings we are dealing with
here. These equations replace the equilibrium equations βi = 0 of critical string theory,
and should be used in our colliding brane scenario to determine the evolution of the
scale factor of the four-dimensional Robertson-Walker Universe. A preliminary analysis
has been performed in [28], where we refer the reader for details.
Below we only describe briefly the main results. In our non-critical string scenario,
one does indeed obtain an expanding Universe, in contrast to standard ekpyrotic
scenaria [40, 41], based on critical strings and specific solutions to classical equations of
motion. One of the most important features of the existence of a non-equilibrium phase
of string theory due to the collision is the possibility for an inflationary phase. Although
the physics near the collision is strongly coupled, and the σ-model perturbation theory
is not reliable, nevertheless one can give compelling physical arguments favoring the
existence of an early phase of the brane world where the four-dimensional Universe scale
factor undergoes exponential growth (inflation). This can be understood as follows: in
our model we encounter two type-II string theory branes colliding, and then bouncing
back. From a stringy point of view the collision and bounce will be described by a
phase where open strings stretch between the two branes worlds (which can be thought
of as lying a few string scales apart during the collision, c.f. fig. 6). During that
early phase the excitation energy of the brane worlds can be easily computed by the
same methods as those used to study scattering of type II D-branes in [42]. In type
II strings the exchange of pairs of open strings is described by annulus world-sheet
diagrams, which in turn results in the appearance of “spin structure factors” in the
scattering amplitude. The latter are expressed in terms of appropriate sums over Jacobi
Θ functions. Due to special properties of these functions, the spin structures start of at
quartic order in u [42]. The resulting excitation energy is therefore of order O(u4) and
may be thought off as an initial value of the central charge deficit of the non-critical
string theory describing the physics of our brane world after the collision. The deficit
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Q2 is thus cut off at a finite value in the (world-sheet) infrared scale (early target times,
c.f. fig. 6). One may plausibly assume that the central charge deficit remains constant
for some time, which is the era of inflation. It can be shown [28] that for (finite)
constant Q2 = Q2∗ = O(u4) the Liouville equations imply a scale factor exponentially
growing with the Liouville zero mode a(φ0) = e
|Q∗|φ0/2 (assuming a negative Q∗). Upon
the condition (36), then, one obtains an early inflationary phase after the collision, in
contrast to the critical-string based arguments of [41]. The duration of the inflationary
phase is tinf ∼ 1/|Q∗| ∼ O(u−2), which yields the conventional values of inflationary
models of order tinfl ∼ 109tPlanck for u2 ∼ 10−9.
Exit from the inflationary phase is possible, and the de Sitter phase is assumed
to be succeeded by a phase, to be identified with the nucleosynthesis era, in which the
central charge deficit passes through a metastable critical phase in which Q vanishes,
and then changes sign (cf. fig. 6). This can happen in Liouville strings with time-like
fields X0, as we mentioned above, where the central charge deficit can oscillate before
it reaches its equilibrium value [25, 27, 28]. During the metastable critical phase the
central charge deficit is zero and hence there is no Liouville dressing. This implies that
during that epoch any time dependence of fields on our brane world will be given by the
ordinary critical string time dependence. In brane cosmologies the Friedman equation
on the three brane, where matter lives, assumes the form [43] (for spatially flat branes):(
a˙
a
)2
= −|Λ5|
6
+
κ4
36
ρ2 +
C
a4
(39)
where κ is the gravitational constant in the bulk geometry, C is an integration constant
(a mass of a bulk Schwarzschild black hole in the brane cosmology of [43], which for
simplicity, and without any important physical consequences, we assume zero for our
purposes), Λ5 < 0 is the bulk anti de Sitter Cosmological constant, and a is the scale
factor on the brane world. The density ρ denotes the total energy density on the
brane, including matter contributions as well as cosmological constant (brane tension)
contributions. Shifting ρ to make such tension contributions explicit, ρ = c0+ρM , where
ρM is the matter density, one observes that for late times, the Friedman equation on the
brane assumes the standard form, linear in ρM , provided one cancels the total vacuum
energy as perceived by a brane (four-dimensional) observer: c20 − |Λ5| = 0. In our
non-critical string case c0 may be assumed positive, and one may identify Q
2
0 = Q
2(∞)
(the equilibrium value of the string central charge deficit ) with c20−|Λ5| which vanishes.
During the nucleosynthesis era, therefore, the rate of expansion of the non-critical string
Universe is that predicted by standard cosmology, which is a welcome feature given the
phenomenological success of the nucleosynthesis model in explaining the abundance of
light elements in the Universe.
At the end of the nucleosynthesis one faces a non-critical situation, with a central
charge deficit significantly smaller than that of the inflationary era. The above
considerations on the two times, Liouville φ and coordinate time X0, arise again. The
generalized conformal invariance conditions (38) apply in this case, and hence the scale
factor depends now on both X0 and φ, but the evolution is confined for energetic reasons
on the hypersurface (36), as explained above. We may assume that at the end of the
nucleosynthesis βi = 0 for the scale factor, and hence one obtains from (38) that a
natural solution is
a(φ,X0) ∼ a0(X0)φ1/2−O(u2,H2) , (40)
Since after the end of nucleosynthesis (present era) the universe is in a matter dominated
phase, one may assume, from the above considerations, that a0 ∼ (t)2/3 with X0 = −t
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the Robertson-Walker observable time to be connected with the Liouville time φ
on the hypersurface (36). Thus the present era scale factor scales with time as:
a(t) ∼ t2/3+1/2 = t7/6. This suffices to yield a current acceleration of the universe,
thereby indicating that the dark energy (in the form of gravitational recoil-Liouville
contributions) takes over the expansion. Unfortunately, such a scaling must not remain
for ever, if one wants to recover an S-matrix equilibrium theory asymptotically (although
it must be noted that this is not formally necessary in this framework, since Liouville
strings do not admit S-matrix description in general, as we have discussed above).
Remarkably a solution to this problem can be provided in our model by noting the
possibility of decompactification of the extra toroidal dimensions on the five branes, as a
result of the collision. If one assumes a very slow decompactification (much slower than
any other rate in the problem) then eventually the radius of the torus R → ∞, while
keeping the magnetic field energy (HR)2 constant. The masses of the matter particles
on the brane will therefore eventually go to zero, and hence one will enter a radiation era
in which ρM ∼ 1/a6 on the five brane. From (39) this will imply an asymptotic scaling
a0(t) ∼ t1/3, which, upon Liouville dressing, will yield a scale factor a ∼ t1/3+1/2 ∼ t5/6,
as t → ∞, thereby resolving the cosmic horizon problem (1), and thus saving the S-
matrix in this model. This concludes our discussion on this toy model. It remains to
be seen whether such conjectures/speculations can be accommodated in realistic string
models of brane cosmologies.
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